Abstract. Noether's first and second theorems are formulated in a general setting of reducible degenerate Grassmann-graded Lagrangian theory of even and odd variables on graded bundles. Such Lagrangian theory is characterized by a hierarchy of higher-stage Noether identities described by a Koszul-Tate chain complex. Noether's second theorems associate to this complex a cochain sequence whose ascent operator defines higher-stage gauge symmetries of the Grassmann-graded Lagrangian system. This operator is extended to a nilpotent BRST operator that provides a BRST extension of the original Lagrangian theory. Noether's first theorem is formulated as a straightforward corollary of the global variational formula. It associates to any gauge symmetry a conserved current which is proved to be a total differential on-shell.
Introduction.
Noether's theorems are well known to treat symmetries of Lagrangian systems. We refer the reader to the brilliant volume [17] for the history of this subject. We aim to formulate them in a very general setting of reducible degenerate Grassmann-graded Lagrangian theory of even and odd variables on graded bundles [13, 14, 15, 25] .
Lagrangian theory of even (commutative) variables on an n-dimensional smooth manifold X is conventionally formulated in terms of smooth fibre bundles over X and jet manifolds of their sections [20, 24, 29] in the framework of general technique of nonlinear differential operators and equations [5, 18, 12] . At the same time, different geometric models of odd variables either on graded manifolds or supermanifolds are discussed [6, 7, 8, 19, 25] . Both graded manifolds and supermanifolds are described in terms of sheaves of graded commutative rings [3, 25] . However, graded manifolds are characterized by sheaves on smooth manifolds, while supermanifolds are constructed by gluing sheaves on supervector spaces. We follow Serre-Swan Theorem 3.2 for graded manifolds.
A real algebra A is called graded if it is a graded vector space such that [ [a] [q] aq. A Grassmann ring of rank m is defined as the exterior algebra Λ = ∧R m . The differential calculus over a graded commutative ring is defined similarly to that over commutative rings [24, 25] . For instance, a graded derivation of a graded commutative ring A is a first order differential operator ∆ so that the graded Leibniz rule ∆(ab) = ∆(a)b + (−1)
[a] [∆] a∆(b), a, b ∈ A,
holds. The graded derivations of A constitute a graded A-module dA. It is a real Lie superalgebra with respect to the superbracket
Then one can consider the Chevalley-Eilenberg complex O * [dA] for dA [9, 15, 25] :
where O k [dA] = Hom A (∧ k dA, A) are the dA-modules of A-linear graded morphisms of graded exterior products ∧ k dA to A. The complex (2) is provided with the structure of a differential bigraded algebra (henceforth, DBGA) with respect to the graded exterior product ∧ and the Chevalley-Eilenberg coboundary operator d which obey the relations
In particular, As a consequence, a graded derivation u ∈ dA of A yields the graded Lie derivative
Graded manifolds and bundles.
A graded manifold is defined as a local-ringed space (Z, A) where Z is a smooth manifold and the structure sheaf A is a sheaf of Grassmann rings Λ [3, 24, 25] . Sections of a sheaf A are called graded functions on the graded manifold (Z, A). They form a graded commutative C ∞ (Z)-ring A(Z). By virtue of Batchelor's theorem [3] , graded manifolds possess the following structure. 
where f a1···a k are smooth functions on U . One calls {z A , c a } a generating basis for (Z, A E ). Let us consider the graded derivation module dA E of the graded commutative ring A E . Its elements are called graded vector fields on the SGM (Z, A E ). The following holds. [22, 24] .
Graded vector fields on a splitting domain (U ; z
where u A , u a are local graded functions on U . They act on f ∈ A E (U ) (4) by the rule
Given the structure ring A E of the SGM (Z, A E ) and the Lie superalgebra dA E of its graded derivations, let us consider the graded differential calculus
over A E where S 0 [E; Z] = A E . Since the graded derivation module dA E is isomorphic to the structure module of sections of the vector bundle V E → Z in Lemma 3.4, elements of S * [E; Z] are represented by sections of the exterior bundle ∧V E of the A E -dual V E → Z of V E . Relative to dual fibre bases {dz A } for T * Z and {dc b } for E * , they take the form
The duality isomorphism A morphism of graded manifolds (Z, A) → (Z , A ) is that of local-ringed spaces
Elements of S
where φ is a manifold morphism and Φ is a sheaf morphism of A to the direct image φ * A of A onto Z . The morphism (6) is said to be an epimorphism if φ is a surjection and Φ is a monomorphism. It is called a graded bundle if Z → Z is a fibre bundle [11, 26, 28] . In this case, there is a pull-back monomorphism of structure rings A (Z ) → A(Z) of graded functions on the graded manifolds (Z , A ) and (Z, A). 
Remark 3.7. A graded manifold (X, A) itself can be treated as the graded bundle (X, X, A) associated to the identity smooth bundle X → X.
Let E → Z and E → Z be vector bundles and Φ : E → E a bundle morphism. It yields a morphism of SGMs
In particular, the graded manifold morphism (7) is a graded bundle if Φ is a fibre bundle. Let A E → A E be the corresponding pull-back monomorphism of structure rings. By virtue of Lemma 3.5 it yields a monomorphism of DBGAs
Let (Y, A F ) be a SGM modelled over a vector bundle F → Y . This is a graded bundle (X, Y, A F ) modelled over the composite bundle
The structure ring of the SGM (Y, A F ) is the graded commutative
Let the composite bundle (9) be provided with adapted bundle coordinates
is the corresponding generating basis for (Y, A F ).
Graded jet manifolds.
Given a fibre bundle Y → X, its jet manifolds J * Y are fibre bundles over X and, therefore, they can be seen as trivial graded bundles (X,
Let (X, A E ) be a SGM modelled over a vector bundle E → X. Let us consider the k-order jet manifold
Since a SGM is a particular graded bundle over its body (Remark 3.7), the definition of graded jet manifolds is generalized to graded bundles over smooth manifolds as follows. Let (X, Y, A F ) be a graded bundle modelled over the composite bundle (9) . It is readily observed that the jet manifold 
of affine bundles π r r−1 . Its projective limit J ∞ Y , called the infinite order jet manifold, is a paracompact Fréchet manifold [22, 25, 29] . A bundle coordinate atlas (
The inverse sequence (10) of jet manifolds yields a direct sequence
of the graded differential algebras O * r of exterior forms on finite order jet manifolds. Its direct limit O * ∞ consists of all these exterior forms modulo pull-back identification. The fibre bundles
of graded bundles (7), including pull-back monomorphisms of the structure rings
of graded functions on (J r Y, A r ) and (J r+1 Y, A r+1 ). Its inverse limit (J ∞ Y, A ∞ ) is a graded Fréchet manifold whose body is the infinite order jet manifold J ∞ Y , and A ∞ is the sheaf of germs of graded functions on the SGMs (J * Y, A J * F ) [22, 25, 27] . By virtue of Lemma 3.5, the differential calculus S * r [F ; Y ] is minimal. Therefore, monomorphisms of structure rings (13) yield a direct system
of pull-back monomorphisms (8) 5. Graded Lagrangian formalism. Let (X, Y, A F ) be a graded bundle modelled over the composite bundle (9) over an n-dimensional smooth manifold X, and let S * ∞ [F ; Y ] be the DBGA of graded exterior forms on graded jet manifolds of (X, Y, A F ). As was mentioned above, Grassmann-graded Lagrangian theory on a graded bundle is formulated in terms of the variational bicomplex which the DBGA S * ∞ [F ; Y ] splits into [4, 13, 22, 27] .
and r-horizontal graded forms together with the corresponding projections
Y ] is also provided with the graded projection endomorphism
, and with the nilpotent graded variational operator
With these operators the DBGA S * ∞ [F ; Y ] splits into a Grassmann-graded variational bicomplex [22, 25, 27] . We restrict our consideration to a short variational subcomplex
of this bicomplex and its subcomplex of one-contact graded forms
They possess the following cohomology [13, 25, 27] . 
of the graded variational complex (15) . Accordingly, the graded exterior form
is a graded Euler-Lagrange operator. Its kernel yields the Euler-Lagrange equation 
where the local graded functions σ obey the relations σ 
Given ϑ ∈ dS 
where ϑ H and ϑ V denotes the horizontal and vertical parts of ϑ [13] .
A glance at the expression (23) shows that a contact graded derivation ϑ is the infinite order jet prolongation ϑ = J ∞ υ of its restriction
to the graded commutative ring S 0 [F ; Y ]. We call υ (24) a generalized vector field on the SGM (Y, A F ) . This fails to be a graded vector field on (Y, A F ) in general because its component may depend on jets of elements of the generating basis for (Y, A F ) .
In particular, the vertical contact graded derivation (23) reads
It is said to be nilpotent if
for any horizontal graded form φ ∈ S 0, * ∞ . It is nilpotent only if it is odd.
Remark 6.3. If there is no danger of confusion, the common symbol υ stands for the generalized vector field υ (24), the contact graded derivation ϑ determined by υ, and the Lie derivative L ϑ . We call all these operators, briefly, graded derivations.
Remark 6.4. For the sake of convenience, right graded derivations
A are also considered. They act on graded functions and exterior forms φ on the right by the rules
Given a graded Lagrangian system (S
It follows from the global variational formula (20) that the Lie derivative of the graded Lagrangian along any contact graded derivation (23) admits a decomposition
called the first variational formula. A glance at this expression shows the following.
Lemma 6.5. (i) A generalized vector field υ is a symmetry only if it projects onto X. (ii) A generalized vector field υ is a symmetry iff so is its vertical part υ V (24). (iii) υ is a symmetry iff the graded density υ V δL is d H -exact.
An immediate corollary of the first variational formula (25) is Noether's first theorem.
Theorem 6.6. If the generalized vector field υ (24) is a symmetry of the graded Lagrangian L, the first variational formula (25) leads to the weak (on-shell) conservation law
of the symmetry current
7. Gauge symmetries. Treating gauge symmetries of Lagrangian theory, one usually follows Yang-Mills gauge theory on principal bundles. This notion of gauge symmetries has been generalized to Lagrangian theory on an arbitrary fibre bundle Y → X. Gauge symmetry is defined as a differential operator on sections of some vector bundle E → X with values in the space of symmetries of the Lagrangian L [14, 15] . To define gauge symmetries in graded Lagrangian formalism, one considers an extension of a simple graded manifold (Y, A F ) modelled over a composite bundle F → Y → X to (E 0 × X Y, A E× X F ) modelled over the fibre bundle F × X E, where
is some graded vector bundle over X. Let us consider the corresponding DBGA S *
and consider the extended Lagrangian system
provided with the local generating basis (s A , c r ).
Definition 7.1. A gauge transformation of the Lagrangian L (28) is defined to be a contact graded derivation ϑ of the ring S
In view of the condition in Definition 7.1, the variables c r of the extended Lagrangian system (29) can be treated as gauge parameters of the gauge transformation ϑ. Furthermore, we additionally assume that ϑ is linear in the gauge parameters c r and their jets c r Λ . Then the generalized vector field υ (24) reads
This is called a gauge symmetry if it is a symmetry of the Lagrangian L (28). By virtue of item (ii) of Lemma 6.5, the generalized vector field υ (30) is a gauge symmetry iff its vertical part is. If υ (30) is a gauge symmetry, the corresponding conserved current J υ (27) is reduced to the superpotential as follows [15, 23, 27] .
is a gauge symmetry of a Lagrangian L, the corresponding conserved current J υ (27) takes the form
where the term W vanishes on-shell, and U = U νµ ω νµ is called the superpotential.
Noether and higher-stage Noether identities.
Without loss of generality, let a Lagrangian L be even and its Euler-Lagrange operator δL (18) at least of first order.
Remark 8.1. Let us introduce the following notation. If E → X is a vector bundle, we call E = E * ⊗ X ∧ n T * X the density dual of E. Given a fibre bundle Y → X, by the density-dual of its vertical tangent bundle V Y is meant the fibre bundle
If Y = E is a vector bundle, then V E = E × X E. Let E = E 0 ⊕ X E 1 be a graded vector bundle over X. Its graded density-dual is defined to be E = E 1 ⊕ E 0 with even part E 1 → X and odd part E 0 → X. Given a graded vector bundle E, we consider the product (X, E 0 × X Y, A E× X F ) of graded bundles over the product of composite bundles F (9) and E → E 0 → X. The corresponding DBGA reads S *
. In particular, we treat the composite bundle F (9) as a graded vector bundle over Y only with an odd part. The density-dual (32) of the vertical tangent bundle
However it is not a vector bundle over Y . Therefore, we focus on the case of the pull-back bundle F = Y × X F 1 where F 1 → X is a vector bundle. Then
is a graded vector bundle over Y . It can be seen as a product of composite bundles
Let us consider the corresponding graded bundle and DBGA
One can associate to any graded Lagrangian system (S * 
of graded densities of antifield number ≤ 2. Its one-boundaries δΦ, Φ ∈ P 0,n
, by the very definition, vanish on-shell. Any one-cycle
of the complex (35) is a differential operator on the bundle V F which is linear on the fibres of V F → F and its kernel contains the graded Euler-Lagrange operator δL (18), i.e.,
Referring to the notion of NI of a differential operator, we say that the one-cycles Φ (36) define the NI (37) of the Euler-Lagrange operator δL [4, 21] .
In particular, one-chains Φ (36) are necessarily NI if they are boundaries. Therefore, these NI are called trivial. Accordingly, non-trivial NI modulo trivial ones are associated to elements of the first homology H 1 (δ) of the complex (35).
Non-trivial NI can obey first-stage NI. To describe them, let us assume that the module H 1 (δ) is finitely generated. Namely, there exists a graded projective C ∞ (X)-module C (0) ⊂ H 1 (δ) of finite rank with a basis {∆ r ω} so that elements Φ ∈ H 1 (δ) factorize as
through elements ∆ r ω of C (0) . Thus, all non-trivial NI (37) result from the NI
called the complete NI. A Lagrangian system with finitely generated non-trivial NI is called finitely degenerate. Hereafter, only Lagrangian systems of this type are considered. Then the complex (35) can be extended to the chain complex (41) with a boundary operator whose nilpotency conditions are equivalent to the complete NI (39). By virtue of Theorem 3.2, a graded module C (0) is isomorphic to that of sections of the density-dual E 0 of some graded vector bundle E 0 → X. Let us enlarge P * 
of graded densities of antifield number ≤ 3. We can show that its cohomology H 1 (δ 0 ) is 0. Let us consider the second homology H 2 (δ 0 ) of the complex (41). Its two-chains read
Its two-cycles define the first-stage NI
Conversely, let the equality (43) hold. Then it is a cycle condition of the two-chain (42). The first-stage NI (43) are trivial either if the two-cycle Φ (42) is a δ 0 -boundary or its summand G vanishes on-shell. Therefore, non-trivial first-stage NI fail to exhaust the second homology H 2 (δ 0 ) of the complex (41) in general. One can show that non-trivial first-stage NI modulo trivial ones are identified with elements of the homology H 2 (δ 0 ) iff any δ-cycle φ ∈ P 0,n ∞ {0} 2 is a δ 0 -boundary. Non-trivial first-stage NI can obey second-stage NI, and so on. Iterating the arguments, we say that a degenerate graded Lagrangian system (S * ∞ [F ; Y ], L) is N -stage reducible if it admits finitely generated non-trivial N -stage NI, but no non-trivial (N +1)-stage ones. It is characterized as follows [4, 25, 27] .
There are graded vector bundles E 0 , . . . , E N over X, and a DBGA P * 
which satisfies the homology regularity condition that any δ k<N -cycle φ ∈ P 0,n 
If it is a δ k -cycle, then
are the k-stage NI.
9. Noether's second theorems. Different variants of the second Noether theorem have been suggested in order to relate reducible NI and gauge symmetries [2, 4, 10] . The inverse second Noether theorem (Theorem 9.3), which we formulate in homology terms, associates to the KT complex (47) of non-trivial NI the cochain sequence (56) with the ascent operator u (57) whose components are gauge and higher-stage gauge symmetries of a Lagrangian system. Let us start with the following notation.
Remark 9.1. Given the DBGA P * ∞ {N } (44), we consider a DBGA P * 
of zero antifield number. It is readily observed that the KT operator δ KT is an exact symmetry of the extended Lagrangian L e ∈ P 0,n ∞ {N } (58). Since the graded derivation δ KT is vertical, it follows from the decomposition (25) that
The equality (59) splits into a set of equalities
where k = 1, . . . , N . A glance at the equality (60) shows that, by virtue of the decomposition (25) , the odd graded derivation
